YHUBEP3UTET Y HOBOM CAY OBPA3AIL-6
PAKYJTET TEXHUYKHUX HAYKA

UNIVERSITY OF NOVI SAD

FACULTY OF TECHNICAL SCIENCES

MN3BELITAJ O OEHU JOKTOPCKE JUCEPTALIUJE
REPORT ON THE ASSESSMENT OF THE DOCTORAL DISSERTATION

I

MNOJAIIM O KOMHUCHJHN
DATA ABOUT THE COMMITTEE

. JlaTy™m u opraH koju je UMEHOBaO KOMHCH]Y:

07.09. 2023. nexan ®axynTera TEXHUUKUX Hayka, Y HuBep3utera y Hosom Cany
je Ha ocHOBY oanyke HacraBHo-HayuHor Beha dakynTeTa TEXHUUKHUX HayKa y
Hosowm Cany, a y ckinany ca Ctaryrom dakynrera, uMmeHoBao Komucujy 3a orieny
1 o10paHy IOKTOPCKE AMCEpTaInje.

Date and authority that appointed the Committee:

September 7, 2023, the dean of the Faculty of Technical Sciences appointed the
committee for the evaluation and defense of the doctoral dissertation, based on the
decision of the Academic council of the Faculty of Technical Sciences, University
of Novi Sad, in accordance with the Faculty Statute.

CactaB koMucHje y ckiafny ca Ilpasunuma 0okmopckux cmyouja Yuueepzumema y
Hosom Caoy:

The committee members in accordance with the Rules of Doctoral Studies of the
University of Novi Sad.

Hp Jenena Msetuh Banpennu Teopujcka U mpuMemeHa
Dr. Jelena Iveti¢ npodecop Marematuka, 01. 04. 2021.
Associate Theoretical and applied
Professor mathematics, April 1, 2021.
Mpe3uMe U UMe 3BamkE y>ka Hay4yHa 00JIacT ¥ JaTyM u3bopa
surname and name title narrow scientific field and date of
election to the title
@akynrer TexHUYKUX Hayka, HoBu Can [Ipencennux
Faculty of Technical Sciences, Novi Sad President
yCTaHOBa y K0jOj je 3al0CIIeH-a ¢dyHKIHja y KOMUCH]H

institution where he/she is employed function in the commission




Renosun

M IT
Hp Muxkene [laranu npodecop

Dr. Michele Pagani Full Professor

WNudopmaruka
Informatics

Mpe3uMe U UMe 3BaLE
surname and name title

Laboratoire de I’Informatique du Parallélisme
Ecole Normale Supérieure de Lyon, France

y’ka Hay4JHa 00J1acT U JaTyM u3bopa
narrow scientific field and date of
election to the title

Ynan
Member

YCTaHOBA Y KOjOj je 3amociaeH-a
institution where he/she is employed

¢byHKIHja y KOMUCHjH
function in the commission

MaremaTrka, MaTeMaTHYKa
soruka, 19. 11. 2008.
Mathematics, Mathematical
logic, November 19, 2008

Hp 3opan [Terpuh Hayunu caBeTHuk
Dr. Zoran Petrié¢ Research
Professor
NpeE3uMe U UME 3BaAKBC
surname and name title

Marematnuku nactutyT CAHY, beorpan
Mathematical Institute SANU, Belgrade

y>ka Hay4yHa 00JIacT U JaTyM u3bopa
narrow scientific field and date of
election to the title

Yian
Member

YCTaHOBA Y KOjOj je 3amocicH-a
institution where he/she is employed

(dyHKIHja y KOMUCH]H
function in the commission

Hp JoBana O6pamoBuh Hayunn Maremaruka, anrebapcka
Dr. Jovana Obradovié¢ capaJHUK Tomosioryuja, 29. 12. 2020.
Research Mathematics, algebraic
Assistant topology, December 29,
Professor 2020
Mpe3uMe U UMe 3BamE yka Hay4yHa 00JIacT U JaTyM u3dopa
surname and name title narrow scientific field and date of

Marematnuku uactutyT CAHY, beorpan
Mathematical Institute SANU, Belgrade

election to the title

Ynaun
Member

YCTaHOBA Y KOjOj je 3arociaeH-a
institution where he/she is employed

(hyHKIHja y KOMHCH)I
function in the commission




5.

Hp Cunsua ['unezan
Dr. Silvia Gilezan

Penosan

npodecop
Full Professor

Teopujcka u mpuMemeHa
MmaTtemaruka, 24. 02. 2005.
Theoretical and applied
mathematics, February 2,
2005

Mpe3uMe U UMe
surname and name

3BambE
title

@daxynTeT TexHUUKUX Hayka, HoBu Cag
Faculty of Technical Sciences, Novi Sad

y’ka Hay4JHa 00J1acT U JaTyM u3bopa
narrow scientific field and date of
election to the title

MenTtop
Mentor

YCTaHOBA Y KOjOj je 3amocieH-a
institution where he/she is employed

¢byHKIHja y KOMUCHjH
function in the commission

6. Jlp 3opan Ormanosuh Hayunu caBeTHuk | MaremaTrka, MaTeMaTH4Ka
Dr. Zoran Ognjanovi¢ Research noruka, 19. 11. 2008.
Professor Mathematics, Mathematical
logic, November 19, 2008
Mpe3uMe U UMe 3BamE yka Hay4dHa 00JIacT U JaTyM u3bopa
surname and name title narrow scientific field and date of
election to the title
Marematuuku uactutyt CAHY, beorpan MenTop
Mathematical Institute SANU, Belgrade Mentor
YCTaHOBA Y KOjOj je 3amocaeH-a (hyHKIHja y KOMHCHI
institution where he/she is employed function in the commission
I TOAJALU O KAHAUJATY
DATA ABOUT THE CANDIDATE
1. Hwme, uMe jeIHOT pOJHTEIBA, IPE3UME:
Cumona, bopha, [Ipoxuh (pol. Kamreposuh)
Name, parent name, surname:
Simona, Porda, Proki¢ (née Kasterovic)
2. [arym polhema, onmtiHa, qpKaBa;

12. 3. 1992, bpuko, bocna n Xepuerosuna

Birth date, place and country:
March 12, 1992, Bréko, Bosnia and Herzegovina




Has3uB dakyntera, Ha3uB MPETXOJHO 3aBPIICHOT HUBOA CTYAMja M CTCYCHU CTPYYHH/aKaJIEeMCKH
Ha3MB:

Qakynrer TexHnukux Hayka, HoBu Can, macrep akajgeMcke cTyauje Maremarvka y TEXHUIIH,
MacCTep UHKEHEP IPUMEHEHE MaTEMATUKE

Name of the faculty, name of the study program of graduate academic studies and acquired
professional title:

Faculty of Technical Sciences, Novi Sad, master academic studies Mathematics in Engineering,
Master in Applied Mathematics

lNogwmHa ymuca Ha TOKTOPCKE CTYAMjE ¥ Ha3WB CTYAM]jCKOT IIpOTrpaMa JOKTOPCKUX CTYAUja:
2017, MaTtematuka y TEXHUIU

Year of enrollment in doctoral studies and the name of the study program of doctoral studies:
2017, Mathematics in Engineering

III HACJIOB JOKTOPCKE JUCEPTAIIMJE:
III PHD THESIS TITLE:

»»BEpPOBaTHOCHO 3aKJbyUUBaE Y U3padyHaBamwy U TEOpUjU QyHKIMOHATHUX THIIOBA”

“Probabilistic reasoning in computation and simple type theory”

MPEIVIEJ JOKTOPCKE JUCEPTAIIMJE:
OVERVIEW OF THE DOCTORAL DISSERTATION

Hagectr Kparak caaprkaj ca Ha3HaKoM Opoja CTpaHHIa, MOTJIaBJba, CIMKa, CXeMa, Tpad)uKoHa U CII.

JlokTopcka aucepranyja je HamucaHa Ha EHIVIECKOM je3WKy, Ha 179 cTpaHa W monesbeHa je y 6
orJiaBJba ca ciegaehum caapxajem:

ATicTpakT (Ha SHTJIECKOM je3UKY)
Pe3nme (Ha cpricKOM je3uKy)

1

VYBox
1.1 BepoBaTHOCHO NporpamMupame
1.2 CemanTtuke Moryhux cBeroBa
1.3 BepoBaTHOCHE JIOTHKE
1.4 T'maBHM JOTIPUHOCH U CTPYKTYpa Te3e

2 BepoBaTHOCHO H3pavyHaBamHe

3

2.1 BepoBaTHOCHH JaM0/1a padyH

2.1.1. Cunrakca
2.1.2. OnepannoHa ceMaHTHUKa
2.1.3. KoHnTekcTHa eKBUBaICHIIN]a
2.2 BepoBaTHOCHa aIlIMKaTUBHA OMCHMYyJIanyja
2.2.1. Cumynanyja je npe-KOHrpyeHIHja

2.3 IlyHa ancrpakuuja

2.4 3akibydax

Kpurkeose cemaHTHKE 32 II1€0 padyH ca (pyHKINOHATHUM TUIIOBIMA
3.1 Llena koMOMHATOPHA JIOTHKA ca (PYHKIIMOHATHIM THIIOBUMA
3.2 Kpunkeose cemantuke 3a CL™ "

3.3 Carmacuoct u otmyHoct CL ™™™

3.4 3akspyuax

4 Jlornka KOMOMHATOpPHE JIOTHUKE

4.1 KombOuHaropHa jioruka ca (PyHKIHOHAITHUM TUIIOBUMA
4.2 Jlornka KOMOMHATOpPHE JIOTUKE
4.2.1. Cunrakca LCL




4.2.2. Axcuomaruzanuja 3a LCL
4.23. Cemanruka 3a LCL
4.3 CarmacHOCT ¥ HOTIIYHOCT jeTHaKOCHE TeOpHje
4.4 CarmacHOCT ¥ OTIyHOCT akcuomaruzanuje LCL
4.4.1. Carnacaoct LCL
4.42. Jaxa mormynoct LCL
4.5 CarnacHOCT ¥ MOTITYHOCT KOMOMHATOPHE JIOTHKE ca (JyHKIMOHATHUM TUIIOBHUMa
4.6 3axkspydax
5 BepoBaTHOCHO 3aKJbyUUBaE Y TEOPHUjU TUIIOBA
5.1 Jloruka LPP;

5.1.1. Cunrakca LPP;

5.1.2. CemanTtuka 3a LPP;

5.1.3. Axkcrnomarusanmuja 3a LPP;

5.1.4. CarmacHOCT U jaka IOTITyHOCT Joruke LPP;

5.2 Cunrakca PCL
5.3 Cemanruka 3a PCL
5.4 Axcuomaruzanuja 3a PCL
5.5 CarnacHocT 1 jaka noTmyHoct jiornke PCL
5.6 3akipydak
6 3akibyuax
6.1 Kparak npernen pesyarara
6.2 Crame y obmactu
6.3 Jlasbu paBLM UCTPAKUBAbA

JIureparypa
Huuepranuja caapxxu 169 nurepatypHux jeauHuna. KipydHa JoKyMeHaranuja jaaTa Ha IOYETKY Te3e
CaJIp’ku M3BOJIC U OCHOBHE MOJATKE O JOKTOPCKO] AMCEPTAINjH HA CPIICKOM M €HTTIECKOM je3HKY.

OVERVIEW OF THE DOCTORAL DISSERTATION

The doctoral dissertation is written in English, it contains 179 pages and it is divided into 6 chapters with
the following content:

Abstract
Summary in Serbian
1. Introduction
1.1 Probabilistic programming
1.2 Possible world semantics
1.3 Probability logics
1.4 Main contributions and the structure of the thesis
2. Probabilistic computation
2.1 Probabilistic lambda calculus

2.1.1 Syntax
2.1.2 Operational semantics
2.1.3 Context equivalence
2.2 Probabilistic applicative bisimulation
2.2.1 Similarity is a precongruence

2.3 Full abstraction
2.4 Concluding remarks
3. Kiripke-style semantics of full simply typed calculus
3.1 Full simply typed combinatory logic
3.2 Kripke-style semantics of CL~> ™"




o, X+

3.3 Soundness and completeness of C
3.4 Concluding remarks

4. Logic of combinatory logic
4.1 Simply typed combinatory logic
4.2 Logic of combinatory logic

421 Syntax LCL
4.2.2 Axiomatization of LCL
4.2.3 Semantics of LCL

4.3 Soundness and completeness of the equational theory
4.4 Soundness and completeness of the axiomatization of LCL
4.4.1 Soundness of LCL
442 Strong completeness of LCL
4.5 Soundness and completeness of the simply typed combinatory logic
4.6 Concluding remarks
5. Probabilistic reasoning in type theory
5.1 The logic LPP;

5.1.1 Syntax LPP;

5.1.2 Semantics of LPP,

5.13 Axiomatization of LPP,

5.14 Soundness and strong completeness of LPP,

5.2 Syntax PCL
5.3 Semantics of PCL
5.4 Axiomatization of PCL
5.5 Soundness and completeness of PCL
5.6 Concluding remarks
6. Conclusion

6.1 Summary of contributions
6.2 Related work
6.3 Future work

Bibliography

The dissertation contains 169 literature references. The documentation given at the beginning of the thesis
contains extracts and fundamental data about the doctoral dissertation in both Serbian and English.




V  BPEJHOBABE NIOJEAMHUX JEJOBA JOKTOPCKE JUCEPTAIIUJE:
EVALUATION OF INDIVIDUAL PART OF THE DOCTORAL DISSERTATION:

JlokTopcka ucepraigja ce cactoju o 6 moriasiba. Kparak mperiies] CBakor MOrIaBjba MPEJCTaBIbeH je y
HAaCTaBKY:

AncrpakTt

ATICTpakT aje KpaTak CaXeTak Te3e, NCTUYE OPUIMHAIHY JOIPUHOC IUCEPTALjE U J1aje KpaTak Iperies
CTPYKTYpe JAWCepTalyje MO0 ToriaBbuMa. Takole, HaBeA€HH Cy OPHTHMHAIHH HAy4YHH paJlOBU
KaH/IMAaTKHEbE KOJU cy 00jaBJbeHH, a KOjJU Cy NPOMCTEKIIN U3 UCTPAKNBaba y OKBUPY Te3€.

IIpBo noriasbe - YBog

VY nmornasipy 1 mar je mperiien HCTOPHjCKOT pa3Boja (POPMATHUX CUCTEMa KOjH Cy u3ydaBaHd y Te3u. OBO
[OMJIaB/bE j€ MONE/BCHO y TpH IieiauHe. Y moriasby 1.1 je mar kpaTak yBOA y pa3BOj M 3HAuaj
BEPOBAaTHOCHUX Iporpama. 3aTUM j€ OINHMCAaH jelaH O]l OCHOBHHX IIpoOJieMa y OBOj IPOIrPaMcKoj
napajurMi, a TO je EKBHUBAJICHTHOCT Iporpama. KaHaupaTkuma je omucaja MO3HaTe pe3yirare y
JIUTEpaTypy U HEKa O]l OTBOPEHHMX MHUTamha KOjU Cy OWJIM OCHOBHA MOTHBAIMja 33 UCTPAXKHUBambEM. Y
nornaeby 1.2 JerasbaHO je OmMcaH MCTOPHjCKM Pa3BOj CEMaHTHKA MOTryhHX cBeTOBa IpU 4YeMy CY
HCTaKHYTE OCHOBHE KapaKTEPHCTHKE OBHX ceMaHTHKa. Takolje, HaBeJICHU Cy HEKU O] Haj3HAYAjHUJUX
JI0Ka3a MOTIIYHOCTH Pa3HHX JIOTHKA y OJHOCY Ha ceMaHTHKe Moryhux cBeroBa. HarmamieH je 3Hauaj
KpunkeoBux ceMaHTHKa, KOje Cy HAcTale Kao CEMaHTHKE 3a MOJAJHE JIOTMKE, alli Cy KacHHUje
npuiaroljeHe 3a MHTYMIMOHMCTHYKY JIOTHMKY, JPyre HEKJIAacH4YHE JIOTMKE Kao M TUIHM3MpaHHu JiamOpa
pauyn. [lornassbe 1.3 omucyje HCTOPHUjCKH pa3BOj BEPOBATHOCHUX JIorHKa. KaHnunaTkuma je onucana
pa3Boj O]l aHTHYKKX BpeMeHa JI0 JaHac, Kaja Cy pa3BHjeHa BEpPOBAaTHOCHA MPOIIMPEHAa Pa3HUX JOTHKa
YuMe Cy I00MjeHa OKPYKetha 32 BEPOBATHOCHO PE30HOBAHE O PA3IMYUTHM JIOTUUKUM CTPYKTypama.

JApyro noriiaB/be - BepoBaTHOCHO U3pavyyHaBame

V nornasiby 2 U3y4aBaH je BEPOBATHOCHH J1aM0a padyH A @ |et, ONHOCHO HETHNIU3UPAHK TaMbaa padyH
NPOLIMPEH ca J[Ba OlepaTopa: BEpOBaTHOCHUM olepaTopoM n3bopa @ u let-in onepatopom. [locmarpan
je padyH rze je UMIUIEMEHTHpaHa Jielkha MO3HWB-TIO-MMEHY CTpaTerdja eBamyandje. Ha caMoMm moyeTky
IIOTJIaBJba jaCHO Cy M3[BOJEHHM IJIaBHM PpE3yJTaTH OBOI MOIJIaBJba W IPEACTaBJbEHA je CTPYKTypa

norsassba. ¥ nornassby 2.1 yBesieHu Cy OCHOBHH T10jMOBH Be3aHH 3a 1am6/1a pauyH A @ let. Jlepunucanu
Cy je3UK IOCMAaTPaHOT padyHa, OlepalliOHa CEMaHTHKAa W KOHTEKCTHA €KBUBAICHIHja. Y IMOTIaBIbYy 2.2

YBEJIEH j€ 110jaM BEPOBATHOCHE aIIMKAaTUBHE OMcuUMYynamuje 3a A @ let-padyH. Hajope je yBenen mojam
O3HAYEHOT JIaHIIa MapKoBa W pelaiije BEepOBATHOCOHE AIUIMKAaTHBHE OMCHMYIAIHje HaJ BUM. 3aTHM je

onepanuoHa CEMaHTHUKa 3a A@’let npeAcTaB/b€HA KaO O3HAYCH JiaHaIll MapKOBa n HC(l)I/IHI/IcaHa je

BEPOBATHOCHA AINIMKaTHBHA OUCHMyanunja 3a A let.

[IpBu pesyntar mnpeAcTaBJbeH Yy OBOM TOIJaBJby je JIOKa3 Jla je BEpOBAaTHOCHA allJIMKaTHBHA
OucuMynanuja KOHTpyeHIHja, ITO 3a MOCIeNUIy UMa Ja je caip)kaHa Yy KOHTEKCTHOj €KBHBAICHIIM]H.
Ogaj 1oka3 je m00ujeH MpUMEHOM XOBEOBOT MeToAa. J[pyru rIaBHU pE3ynTar je J0Ka3 J1a BaKd U 00part,
OJJHOCHO JIOKa3 Jla je KOHKTEKCTHa EeKBUBAJICHLM]ja CaJp)KaHa Yy BEPOBATHOCHO AaIUIMKATHUBHO]
oucnmynanuju. Ca nuipeM J1a ce JOKaXKe W 0Baj CMep, y MOTIaBJby 2.3 yBEICH je MojaM TecTa M pelalija
eKBUBAJICHINje TecTupameM. KopumheH je mo3HAT pe3yiraT Aa ce pelandje OucuMmyrnandje u
eKBHBAJICHIIH]jE TECTHPambeM oAy napajy. Kanaunar je mokaszao a 3a CBakM TECT MIOCTOjH KOHTEKCT TaKaB
Jla je BepoBaTHONA yCIIENIHOCTH TecTa MPUMEHEHOr Ha TePM jeIHaKa BepoBaTHONM KOHBEPreHIIHje TepMa
KOju ce J00uje MPUMEHOM KOHTEKCTa Ha natu TepM. Kao mociemuiia oBor TBphema mobuja ce ma je
KOHTEKCTHA CKBUBAJCHIIMja CaAp)KaHA Y SKBHBAICHIMjU TECTUpameM. Y3uMajyhu y 003up mpeTxomHo
HaBeJIeHE pe3yJsiTare, JOKa3aHo je Jia ce TPH pejalyje eKBHBAJICHIIMje: KOHTEKCTHA EKBHBAJICHIIU]a,
OucuMmyJsanyja U CKBUBAICHIM]ja TECTHpAmEM, IMOKJIanajy. Pe3yaTatd OBOI MOIJiaBjba MPEACTABIbAjY
OpHUTHHAITHE pe3yiTare 00jaBibeHe y [4].




Tpehe noraassbe - KpnnkeoBe cemanTHKe 3a 11€0 pavyH ca (pyHKIMOHAJIHUM THIIOBHMA
V tpehem norasspy je nmpoywaBan CL™ ™ *-padyH, OHOCHO KOMOWHATOPHA JIOTHKa ca (DYHKIIHOHATHIM
TUIIOBMMA, KOja je IpOLIMpeHa TUIIOBUMAa CyMe, THIIOBUMA MPOM3BO/IA, TPA3HUM THUIIOM U jeIUHUYHUM
tunoM. Ha camMoM moueTKy MOIiaB/ba jacHO Cy H3/ABOjEHH TJIABHM pE3yNTaTd OBOT MOIJaBJba U
MIpeJCTaBJbEHA je CTPYKTYpa MOoTIaBjba. Y moriassby 3.1 ¢y jacHO AeyHUCAaHN OCHOBHH TIOjMOBH BE3aHU
3a CL™ * "-padyH, Ae(UHUCAHU Cy je3UK padyHa, OIEpPAaliOHA CEMAHTHKA M THUIICKA CHCTeM. [ JlaBHH
JOTIPUHOC OBOT' MOINIaB/ba je Ae(pUHUIM]ja HOBUX cemaHThka 3a CL™ ™ "-pauyn. YV mnormaeipy 3.2
nedunncane cy Kpunkeose cemantuke 3a CL™ ™ "-pauyH. Jlepununuja je nata y HEKOJIHUKO KOpaka:

1. Jepunncana je Kpunkeosa aruiukaTuBHa CTpyktypa 3a CL™ ™",

2. Jledunmucan je mojam excreH3noHaHe Kpurnkeose ammkaTuBHe cTpykType 3a CL™ 7.

3. Hedwunucan je nmojam Kpurkeose armimMkaTHBHE CTPYKType ca KOMOMHATOpHUMA.

4. Jledpunucan je KpunkeoB Monen kao exkcTeH3MoHamHa KpuikeoBa ammMKaTHBHA CTPYKTypa ca

KOMOWHATOpHUMa K0j0j je MpHuapyKeHa Bayallija MPOMEeHIbUBUX.

['maBHU pe3yaTaTé OBOT MOTIIABIbA jeCy NOKAa3W CarjacHOCTH u moTiyHoctd CL™ ™ '-pauyHa y omHOCY Ha
MPE/UIOKEHEe CeMaHTHKe, KOjU Cy JaTh y moriaeiby 3.3. Takole, mokasaHo je Aa je jeHAKOCHa Teopuja
CL™ * "-padyyHa carjacHa W TOTIyHa y OJHOCY Ha MpemIoxkeHe cemaHTHke. Kako ce mebunuiuje
jeOHAKOCHE TeopHje M THIICKOT CHCTeMa Ipekjamajy (CBakd CHCTEM y CBOjO] Ie(UHHINJU KOPUCTH
npaBUJia JPYror CUCTEMa), CariiacHOCT jeIHAaKOCHE TEOPHje U CarjlaCHOCT TUIICKOT CHCTeMa Cy JIOKa3aHu y
OKBHUDY jeIHOTr TBphema MpUMEHOM MaTeMaTHiKe HHAyKLHje. JJokas je mpeacTaBibeH jacHO U ca JOBOJBHO
nerasba. [IoTIyHOCT jeqHAKOCHE TEopHje M MOTIYHOCT THIICKOT CHCTeMa Cy JOKa3aHH Kao OIIBOjeHa
TBphema kopucrehn cinuny naejy. Kanaunarkuma je nedunucana noceOHy Kiiacy Mojena Koje je Ha3Baja
KaHOHMYKM MOJEIHM M JOKa3zala HEeKe FHHUXOBE OCOOMHE M3 KOjUX Cy CIeIuIe MOTIYHOCT jeJHaKOCHE
TEOpHje U MOTIYHOCT THIICKOT cucTeMa. KpuIikeoBe ceMaHTHKe MpeJCTaBbeHe Y OBOM IOIJIaBJby Cy IPBU
nyT yBeneHe y [1].

YeTBpTO NOTIIaB/BeE - JIornka KOMOMHATOPHE JIOTHKE

Y deTBpPTOM TIOTJABIJBY je yBeAeH HoBH (hopMmaiHu cucteM, Jlorumka komOuHaTopHE joruke LCL, Koju
IIPE/ICTaBJba MCKA3HO IPOIIMPEHe KOMOMHATOPHE JIOTMKE ca (YHKIMOHAJIHMM THIOBMMa. Ha camom
MOYETKY IOTJIaBJba jaCHO CY M3/IBOjEHH TJIABHH PE3yJTaTH OBOT IMOTJIaBJba M MPEACTaBIbEHA j€ CTPYKTypa
nornassba. Y moriasiby 4.1 cy nedMHHCAaHU OCHOBHHU IIOjMOBHM B€3aHHM 32 KOMOWHATOPHY JIOTHKY ca
(YHKIMOHAITHUM THIIOBHMA. JaCHO Cy NpE/ICTaBJbEHH je3HK, jeIHAKOCHA TEOPHja M THIICKU CUCTEM, Kao U
Heke ocobmue Turckor cuctema. Jloruka LCL je yBereHa y mornaipy 4.2, rae ¢y AeUHICAHU je3UK
noruke LCL, akcuomaru3aiuja u cemantuka. Jloruka LCL je qo0ujeHa neUHUCAmHEM KITaCHYHE HCKa3HEe
JIOTHKE HaJ KOMOMHATOPHOM JIOTUKOM ca ()YHKIMOHAIHMM TUIIOBUMA. 3Hauaj sioruke LCL ce oriena y
TOME LITO OHA MPeCTaBJba (OPMAaTHH CHCTEM 33 NCKAa3HO PE30HOBAKE O THITU3UPAHUM KOMOHHATOPHUM
TepMuMa, mro oMoryhaBa mpumeHy Merona kao mro cy DPLL mpouenypa, merox pesomyuuje, SAT
pemaBaur, SMT pemaBaunm u Apyrn, Ha KOMOWHATOpPHY JIOTHKY ca (YHKIHOHAJIHHM THIIOBHMA.
Axcuomaruzauuja jsoruke LCL je pnoOujeHa M3 THUIICKOT CHCTEMa KOMOWHATOpHE JIOTMKE ca
(YHKIMOHATHUM THIIOBUMa M aKCHOMAaTCKOI' CHCTE€Ma KJlacM4He HCKasHe Jiorkke. CeMaHTHKa JIOTHKE
LCL je pebuHmCaHa Kao eKCTEH3MOHAIHA AaIUIMKAaTHBHA CTPYKTypa TMPOIIMPEHA CIICIHjaTHIM
eIeMEHTHMa, KOjH OJroBapajy OCHOBHHM KOMOMHATOpHMMa, KOjOj je TpHIpYKeHa Ballyaluja
MPOMEHJbHBUX.

VY 0BOM NOrnaBiby je NPEACTaBJbEHO HEKOJIMKO OpPHIMHAIHHMX pesynrara. IIpBo je y mormasiby 4.3
JIOKa3aHOo /1a je jeJHaKOCHAa TeopHja KOMOMHATOpPHE JIOTHKE ca (pyHKIMOHAIHMM THIIOBHMa carjacHa W
MOTITyHAa y OJHOCY Ha NpeJIokeHy ceMaHTuky 3a LCL. Y mornasiby 4.4 cy maTH AeTajbHU JOKa3H
CarJacHOCTH U jake IOTIYHOCTH akcuoMartusanuje joruke LCL y ogHOCY Ha IPEeIOKEHy CEeMaHTUKY. Y
00a J0Ka3a caryIaCHOCTHU je IPUMEH-eH NPHHIMI MaTeMaTH4Ke MHAYLKHje, JOK Cy NOKa3H IOTIYHOCTH
u3BeneHN AepuHucameM nocebne kinace LCL-Moaena 1 JOKa3uBamkeM HbUXOBUX OCOOMHE U3 KOJUX CIene
JOKa3W MOTIYHOCTH. Y JOKa3y jake MOTIIYHOCTH akcuoMmaruzauuje Jjoruke LCL je mnpumemeHa
XeHKHHOBa KOHCTpyKIHWja mokasa. [lormaBiee 4.5 maje mokas3 ma je mpemiokeHa cemaHTHka 3a LCL
Takohe HOBa CEMaHTHKAa 32 KOMOWHATOpPHY JIOTMKY ca (YHKIMOHAIHMM THroBuMma. Ilocmartpana je
KOMOMHATOpHA JIOTMKA 33 (DYHKIMOHAJHAM THIOBHMA MPONIMPEHA NPaBHJIOM 32 THIH3HMPABE Koje




OCUTYpaBa Jia jeJJHaKh TePMH UMajy UCTH THIl. [laTh Ccy J0Ka3u Jia je 0Baj CUCTEM CarjiacaH U MOTIYH Y
OJTHOCY Ha ceMaHTHKY 3a jioruky LCL. Tume je mokazano jga je noruka LCL 3ampaBo KOH3EPBATUBHO
MPOIIKpPeHe KOMOMHATOPHE JIOTHKE ca PYHKIIMOHATHUM THIIOBUMA.

Ileto morias/be - BepoBaTHOCHO 3aK/by4YHBaIb€ Y TEOPUjH THIIOBA

Ileto mornaB/be YBOAW BEPOBATHOCHO MPOIIMPEH-C JIOTHKe KoMOuHaTOopHe joruke, PCL. Ha camom
MOYETKY MOTJIaBJba jaCHO Cy W3/BOjCHHU TJIaBHU PE3YJITATH OBOT MOTJIABIba U MPEACTABIbEHA je CTPYKTYpa
nornassba. Kanaumaar je Hajupe y mnoriasiby 5.1 mpexacraBuo soruky LPP, koja je BEpOBaTHOCHO
MPOIINpekHe KIaCHYHEe UCKa3He JIOTHKe, jep je Joruka PCL pa3BujeHa npuMemyjyhu ciaudaH METOI Kao
3a noruky LPP;. llornassse 5.2 nedunume jesux joruke PCL, Koju je mOOWjeH MpPOIIUpPEHEM je3nKa
noruke LCL BepoBaTHOCHUM omneparopumMa obnuka P>s ca cnenehum 3nauewmem: BepoBaTHoha je Oap s.
VY nornasipy 5.3 je nedunucana cemantuka yoruke PCL. CeMaHTHKa je 3aCHOBaHa Ha CTPYKTypama
neUMHUCAaHUM HaJ MOryhinM CBETOBHMa, IZle y CBAaKOM CBETY IIOCTOjHU KOHAa4yHO aJWTHBHA Mepa.
Hokazano je na ynoruka PCL HUje KOMIAKTHA, LITO 33 MOCIESIUIy MMa J1a 32 KOHAYHY aKCHOMATU3aLHjy
Koja je carmacHa Hehe BaXMTH jaka MOTHYHOCT. Y ToOmIaBiby 5.4 mpeicTaBibeHa je OecKOHA4YHA
akcuoMaTm3anuja Jsoruke PCL, Koja ¥WMa jeIHO TMpPaBWIO ca MNPeOPOjUBHM CKYIIOM IIPEMHCA.
Axcruomaruzanuja joruke PCL je noOujeHa w3 axcuomatmzanuje joruke LCL W akcuomaruzanmje
BepoBaTHOCHe Joruke. Jlornka PCL mipenctaBiba OpMaIHA MOZET 32 BEPOBATHOCHO 3aKJbyUHBAHE O
TUMU3UPAHUM u3pasuMa. Maeja o hopMaaHOM MOJENy 3a BEPOBATHOCHO PE30HOBAKmE O THUIMH3HPAHHM
M3pa3nMa je IIPBH IIyT MpeacTaBibeHa y pagoBuma [3] u [5].

I'maBHUM pe3ynTaT OBOT MOTJIABJbA jECy JI0Ka3M CarIaCHOCTH M jaKe TOTITYHOCTH aKCHOMAaTH3aluje JIOTHKE
PCL y omHOCY Ha Ipe/IIoKeHe CeMaHTHKe, KOjH Cy JaTH y MorIaBiby 5.5. JIokas carylacHOCTH je 100ujeH
NPUMEHOM MaTeMaTHYKe WHIyKUuje. Y JoKasy jake TIOTIIYHOCTH je TpuMemeHa XEeHKHHOBA
KOHCTpyKIIMja Jokaza. Hajnpe je nokazaHO Ja CBakM KOH3HCTEHTaH CKYyINl MOXE OWTH TNPOIIUPEH 10
MaKCHMAaJTHO KOH3HCTCHTHOI CKyTla. 3aTHM j€ 3a JaTH MaKCHMAalHO KOH3UCTEHTaH CKyl Ae(hHHUCAH
KaHOHMYKH MOJEJI KOjH 33aJ0BOJbaBa TaYHO OHE (hopMyiie Koje npunanajy ckymy. [lomohy oBor monena
JIOKa3aHO j€ /1a je CBAKM KOH3UCTEHTAaH CKYII 33/10BOJBHB, OAKIIE CJEIH jaka MOTIyHOCT joruke PCL.

Illect noriasbe - 3ak/by4ak

[lecto mornaribe je MOAELEHO y TPH LeauHe. Y TOrjiaBiby 6.1 cy CyMHpaHuW Hay4YHU JONPUHOCH
KaHJUJAaTKUbE MPEACTaB/beHH y JUCEpPTalyju. Y IMOriaBiby 6.2 je HpelCcTaBJbeHO CTame y obOnacTuMa
HCTpakMBama KOje Cy MOBE3aHe ca TeMOM JAWcepTandje YKbY4dyjyhu AMPEeKTHO IUTHpame peleBaHTHE
murepatype. [lornaeibe 6.3 canpu AUCKYCH]y O OTBOPEHMM MpoOieMuMa W MOTryhHOCTHMA 3a JajbH
HacTaBaK HCTPaXMBamba 33 CBAKY O/ 00JIACTH IIPOYYaBaHUX y OBOj TE3H.

[Tommc smmTepaType nar je mocie miecTor morjiasiba. JluTeparypa je Beoma HCLpPIIHA, IIpUKa3aHa je
TIperjeJHO U IUTHpaHa Ha aJieKBaTaH HauuH. Takole, oOyxBara Haj3HA4YajHHjE pajoBe U3 00IaCTH, KOjH

CY peJIeBaHTHH 3a [IPOy4YaBaHy TEMaTHKY.

Ha ocHoBy cBera HaBeneHor, KomucHja mo3UTHBHO oliembyje CBe 1eJI0Be JOKTOPCKe AucepTanuje.

V EVALUATION OF INDIVIDUAL PART OF THE DOCTORAL DISSERTATION

Abstract gives a brief summary of the doctoral dissertation, presents original results of the dissertation
and gives the overview of the chapters of the dissertation. Also, the list of the published papers that are
related to the research topic is given.

Chapter 1-Introduction
Chapter 1 gives an overview of the historical development of the formal systems that are studied in the

dissertation. This chapter comprises three sections. In Section 1.1, an introduction into development and
the significance of the probabilistic programs is given. One of the main challenges in probabilistic




programming, namely program equivalence, is described. Candidate presents some known results from
the literature and some open questions that have been the main motivation for the research. Section 1.2
describes the historical development of possible world semantics, and highlights some of its main
features. Also, some of the most popular completeness proofs for different logics with respect to the
possible world semantics are listed. Further, it describes the significance of Kripke semantics, which has
been developed as semantics of modal logics and has been adapted for other logics such as intuitionistic
logic, other non-classical logics, and recently for typed lambda calculus. Section 1.3 describes the
development of probability logics. The candidate has described the development from ancient times to
the present, when probabilistic extensions of different logic are developed and thus the frameworks for
probabilistic reasoning about different logical structures are obtained.

Chapter 2 - Probabilistic computation

Chapter 2 studies the probabilistic A-calculus A ]et, that is the pure, untyped A-calculus extended with
two operators: the probabilistic choice operator @ and the let-in operator. The implemented evaluation
strategy is a lazy call-by-name evaluation. At the beginning of the chapter, the main contributions of the
chapter are listed and the structure of the chapter is given. In Section 2.1, basic notions about

probabilistic lambda calculus Ag Jet are introduced. The language of the calculus, its operational
semantics and context equivalence are defined. Section 2.2 introduces the notion of a probabilistic

applicative bisimulation for Ag let. First, the notion of labelled Markov chain and probabilistic
applicative bisimulation over it are defined. Then the operational semantics of Ag |et is presented as a

labelled Markov chain and the probabilistic applicative bisimulation for Ag |et is defined.

The first contribution of chapter 2 is the proof that the probabilistic applicative bisimilarity is a
congruence. Consequently, the probabilistic applicative bisimilarity is included in the context
equivalence. This proof is obtained by Howe's technique. The second main contribution of the chapter is
the proof that context equivalence is included in probabilistic applicative bisimilarity. In order to prove
this, in Section 2.3 the notions of testing language and testing equivalence are introduced. The chapter
uses the well-known result that the bisimilarity and testing equivalence coincide. Candidate has proved
that for every test there is a context such that the success probability of the test applied to a term is equal
to the convergence probability of the context applied to the term. As a consequence, context equivalence
is included in the testing equivalence. From all the presented results, it follows that three equivalence
relations: context equivalence, bisimilarity and testing equivalence, coincide. This chapter presents
original results published in [4].

Chapter 3 - Kripke-style semantics of full simply typed calculus

Chapter 3 studies the full simply typed combinatory logic CL™ ™", that is the simply typed combinatory
logic extended with product types, sum types, empty type and unit type. At the beginning of the chapter,
the main contributions of the chapter are listed and the structure of the chapter is given. In Section 3.1,
basic notions about the full simply typed combinatory logic CL™ ™ " are introduced. The language of
CL™™", its operational semantics and type assignment system are defined. The main contribution of this
chapter is the definition of new semantics of CL™ ™", In Section 3.2, Kripke-style semantics of
CL™*" are defined. The definition of semantics comprises several steps:
1. The definition of a Kripke applicative structure for CL™ "
2. The definition of an extensional Kripke applicative structure for CL™ ",
3. The definition of a Kripke applicative structure with combinators.
4. The Kripke model is defined as an extensional Kripke applicative structure with combinators
equipped with a valuation of variables.

The main results of the chapter are the soundness and completeness of the type assignment system
CL~ ™" with respect to the presented semantics, and they are given in Section 3.3. The proof of soundness
and completeness of the equational theory of CL™ ™" with respect to the proposed semantics is given.




Since the equational theory and the type assignment system are defined simultaneously (the equality is
used in the definition of the type assignment system and the typing derivations are used in the definition
of the equality), the soundness of the equational theory and the soundness of the type assignment system
are proved at the same time using the principle of mathematical induction. The proof of completeness of
the equational theory and the proof of the completeness of the type assignment system are given
separately, nevertheless, they are both based on the notion of a canonical model. The candidate has
defined a class of models, called canonical models, and has proved some of its properties which imply the
completeness proofs. The Kripke-style semantics presented in this chapter has been introduced in [1].

Chapter 4 - Logic of combinatory logic

Chapter 4 introduces a new formal system, the Logic of Combinatory Logic LCL, which is the
propositional extension of the simply typed combinatory logic. At the beginning of the chapter, the main
contributions of the chapter are listed and the structure of the chapter is given. Section 4.1 presents basic
notions about the simply typed combinatory logic. The language, the equational theory and the type
assignment system of simply typed combinatory logic are defined, and some properties of the type
assignment system are presented. The logic LCL is introduced in Section 4.2, where its language,
axiomatization and semantics are defined. The logic LCL is obtained by defining the classical
propositional logic over the simply typed combinatory logic. The significance of the logic LCL lies in the
fact that it is a framework for propositional reasoning about typed combinatory terms, so we can employ
the well-established methods such as DPLL, resolution method, SAT solvers, SMT solvers to reason
about the simply typed combinatory logic. The axiomatization of LCL has arised from the type
assignment system of the simply typed combinatory logic and the axiomatic system of classical
propositional logic. The semantics of LCL is an extensional applicative structure extended with special
elements corresponding to primitive combinators equipped with a valuation of term variables.

This chapter presents several original results. First, in Section 4.3 it is proved that the equational theory
of the simply typed combinatory logic is sound and complete with respect to the proposed semantics of
LCL. In Section 4.4, detailed proofs of soundness and strong completeness of the axiomatization of LCL
with respect to the proposed semantics are given. Both soundness proofs are obtained by principle of
mathematical induction, whereas completeness proofs are obtained from a construction of a class of LCL-
models and proofs of their properties which imply completeness proofs. In the strong completeness proof
for the axiomatization of LCL, Henkin-style completeness method is used. Section 4.5 shows that the
proposed semantics of LCL is a novel semantics of the simply typed combinatory logic. The simply typed
combinatory logic containing the typing rule that ensures that equal terms inhabit the same type is
considered. It is proved that this logic is sound and complete with respect to the proposed

semantics of LCL. As a consequence, the logic of combinatory logic is a conservative extension of

the simply typed combinatory logic.

Chapter 5 - Probabilistic reasoning in type theory

Chapter 5 introduces the probabilistic extension of the logic of combinatory logic PCL. At the beginning
of the chapter, the main contributions of the chapter are listed and the structure of the chapter is given.
Since the logic PCL is developed following the approach used for the logic LPP, the candidate
presented logic LPP-, which is a probabilistic extension of the classical propositional logic, in Section
5.1. Section 5.2 defines the language of the logic PCL, which is obtained as an extension of the language
of the logic LCL with probability operators of the form P>s with the intended meaning: probability is at
least s. In Section 5.3, the semantics of PCL is introduced. The semantics of PCL is based on the possible
world approach, where the set of possible worlds is equipped with a finitely additive probability measure.
It is proved that the logic PCL is not compact. Consequently, any finite axiomatization of the logic PCL
which is sound cannot be strongly complete. In Section 5.4, the infinite axiomatization of PCL is given,
the axiomatization contains a rule with a countable set of premises. The axiomatization of PCL
comprises the axioms and rules from the axiomatization of LCL and the axioms and rules from the
axiomatization of probability logic. The logic PCL is a formal model for probabilistic reasoning about
typed statements. The idea of development of a formal model for probabilistic reasoning about typed
statements was first introduced in [3] and [5].




The main contributions of the chapter are the soundness and strong completeness of the given
axiomatization with respect to the proposed semantics, and they are given in Section 5.5. The proof of
soundness is obtained by mathematical induction. In the completeness proof, Henkin-style completeness
method is used. First, it is proved that every consistent set can be extended to a maximal consistent set.
Then, a canonical model is defined, which is a PCL-model that satisfies only formulas from the maximal
consistent set. This model is used to prove that every consistent set is satisfiable, and as a consequence
the proof of strong completeness is obtained.

Chapter 6 - Conclusion

Chapter 6 consists of three sections. Section 6.1 summarizes the scientific contributions of the candidate
presented in the thesis. Section 6.2 analyses work closely related to the topic of the dissertation, including
the direct citation of relevant literature. Section 6.3 contains a discussion about open questions and
possibilities for further research in each of the fields studied in the dissertation.

The bibliography is given after the sixth chapter. The literature is comprehensive, it is presented clearly
and cited adequately. It also includes the most important papers in the field, which are relevant to the

examined topic.

Based on all the above, the Committee positively evaluates all parts of the doctoral dissertation.

VI CIIMCAK HAYYHHUX MU CTPYUHHUX PAJJOBA KOJU CY OBJAB/BEHU WJIA
INPUXBAREHN 3A OBJAB/BUBAIBE HA OCHOBY PE3YJITATA HCTPAXKUBAIA VY
OKBUPY PAJJA HA TOKTOPCKOJ IMCEPTALINJIN:
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VII 3AK/bYYIIN OJJHOCHO PE3YJITATH UCTPAKHNBAIbA:
CONCLUSIONS AND RESULTS OF THE RESEARCH

Hucepranuja gaje 3Ha4ajaH JOIPUHOC Pa3BOjy GOPMATHUX MOZEIa 32 BEPOBATHOCHO 3aKJbyUHBAHE
y U3padyHaBawy U TEOPHjH TUIIOBA U Pa3Bojy KpHIlkeoBHX ceMaHTHKa 3a MoJiele U3padyHaBamba.

® [IpoyuaBaH je BepoBaTHOCHH 1laM0Ja padyH ca let-in ormepaTopoM rie je npuMemheHa JIekha
I03MB-TI0-UMEHY CTpaTeruja eBajyaluje 1 u3y4aBaH je npodiieM eKBUBAJICHIMj€ BEPOBATHOCHUX
rporpama y oBoM okpyxemy. Llnsb je Ono nponahu eprkacan MeTon 3a JOKa3UBamke KOHTEKCTHE
exBUBaJIeHIM]je. JlaTu cy J0Ka3u Jja ce y MOCMaTpaHOM padyyHy pelialiyja BEpOBaTHOCHE
aIUTMKaTUBHE OMCHUMYJIalKje U pelialiija KOHTEKCTHE CKBUBAJICHITU]C MMOKIIAMNAJY, ITO YAHU
BEPOBATHOCHY AIIMKATHBHY OMCHMYIIAIN]y IIOTOAHMM METOJIOM 32 JI0Ka3MBamhe KOHTEKCTHE
€KBHBAJICHIIH]E.

® VgeneHa je HoBa KpnnkeoBa ceMaHTHKa 32 KOMOMHATOPHY JIOTHKY ca (h)YHKIIHOHATHUM
THUIIOBMMA KOja je MPOIINpEeHa THIIOBUMA POU3B0JIa, THIIOBUMA CyMe, IIPa3HUM THUIIOM U
JEAVHUYHMM TUOM. JlaTH Cy IeTajbHM J0Ka3H Ja je THIICKH CUCTEM MOCMATPaHOTI pavyyHa
carjacaH M [OTIYH y OJHOCY Ha YBEJE€HE CEMaHTHKE.

® PasBujeH je MOTITYHO HOB KOHIIENIT BEPOBATHOCHOT 3aKJbyUMBakh-a Y TEOPHJH TUIIOBA M padyHHMa
ca THIIOBMMa KOjH je 3aCHOBAaH Ha HOBOM MOJEIY 32 BEPOBATHOCHO 3aKJbYUHBAHE O TUIIH3UPAHUM
nporpamumMa. Hajupe je yBeneHa HOBa JIOTHKa, 110 Ha3UBOM JIoriuka KOMOMHATOPHE JIOTHKE, KOja
MIPE/ICTaBIba HCKA3HO IPOIIHPEHE KOMOMHATOPHE JIOTHKE ca (YHKINOHATHUM TUIIOBHMA.
INoka3aHo je Aa je yBeJeHa JIOTHKa carjiacHa U MOTIYHA Y OJHOCY Ha MPEJIOKEeHE CEeMaHTHKeE.
3aTUM je JOruKa KOMOHHATOPHE JIOTMKE NPOILIUPEHA BEPOBATHOCHUM OIEPaTOpUMa, YuMe je
Jo0ujeHa Jorika Koja oMoryhasa BepoBaTHOCHO 3aKJbyUHBabE O TUITM3UPAHUM [IPOrpaMuMa.
Takole, 1aTH cy T0Ka3M CarjJacHOCTH H MOTIYHOCTH JA00UjEHE JIOTHKE Y OJHOCY Ha NMPEIIOKCHE
CEMaHTHKE.

VY 3aBpIIHUM pazMaTpamUMa CyMHUPaHH Cy Pe3yJITaTH UCTPAXKHUBAba, IPEJCTABIBEHO j& CTake Y
obJylacTiMa UCTpakKMBamba 1 HAaBEJCHN Cy OTBOPEHH NMPOOIEMH 1 MOTYhHOCTH 3a Jajbil HacTaBaK
HCTPaKUBamba.

Kommucuja ca 3a10BOJbCTBOM KOHCTATYje Aa je KaHAWAATKHba YCIEIIHO, HA HayYHO aJeKBaTaH U erKacaH
HAYMH [TOCTABUJIA CIIPOBEICHA HCTPAXHBambha, TC Ha Kpajy JOHENa 3aKjby4Ke 0 pedynratuma. Jucepraruja
Ipy’ka OPUTHHATAH M Hay4HO 3Ha4YajaH JONPUHOC y 00IacTHMa BEPOBATHOCHHUX MOJIENA U3padyHaBamba,
KpunkeoBrux ceMaHTHKa 32 MOJIEIIC H3padyHaBamba i (OPMATHUX MOJIENa 38 BEPOBATHOCHO 3aKJbyINBAC
O THUIU3UPAHUM IIPOrPAMHMA.

CONCLUSIONS AND RESULTS OF THE RESEARCH

The dissertation provides a significant contribution to the development of formal models for probabilistic
reasoning in computation and type theory, and the development of Kripke-style semantics of models of
computation.

® The lazy call-by-name probabilistic lambda calculus with a let-in operator has been studied and
the question of equivalence of probabilistic programs in the probabilistic setting has been
addressed. The goal was to find an effective method for context equivalence proofs. It is proved
that in the lazy call-by-name probabilistic lambda calculus with a let-in operator the probabilistic
applicative bisimilarity and the context equivalence coincide. Therefore, the probabilistic
applicative bisimilarity is an effective method for proving context equivalence of probabilistic
programs in this setting.

® A novel Kripke-style semantics of the full simply typed combinatory logic that is the simply typed
combinatory logic extended with product types, sum types, the empty type and the unit type, is
introduced. The proofs of soundness and completeness of the type assignment system for the full




simply typed combinatory logic are given.

® A novel concept of probabilistic reasoning in type theory and calculi with types is developed. It is
based on a newly introduced formal model for probabilistic reasoning about typed programs.
First, a new logic, called Logic of combinatory logic, which is a propositional extension of the
simply typed combinatory logic, is introduced. It is proved that the logic of combinatory logic is
sound and complete with respect to the proposed semantics. Further, the logic of combinatory
logic is extended with probability operators, and the logic for probabilistic reasoning about typed
programs is obtained. Also, the proofs of soundness and completeness of the obtained logic with
respect to the proposed semantics are given.

In the concluding remarks, the scientific contributions of the research are summarized, the work closely
related to the topics of the dissertation is presented, and open questions and possibilities for further
research are given.

The Committee is pleased to conclude the candidate has successfully, in a scientifically adequate and
efficient manner, conducted the research and has drawn conclusions about the results. The dissertation
provides an original and scientifically significant contribution within the fields of probabilistic models of
computation, Kripke-style semantics of the models of computation and formal models for probabilistic
reasoning about typed programs.




VIII OHEHA HAYMHA ITPUKA3A U TYMAYEA PE3YJITATA HCTPAJKUBAIbBA:
EVALUATION OF THE PRESENTATION AND OF RESEARCH RESULTS:

Canprkaj qucepranyje je NpuKasaH jacHo, CTPYKTYUPaHO B cucTeMaTHyHo. OpUTrHHAIHY pe3ynTaTu
UCTpaXXMBamba Cy MPEeLn3HO GOPMYJIMCAaHU U JETaJbHO TEOPHjCKHU J0ka3aHu. Ha ocHOBY no0ujeHnx
pe3yJirara U3BEJCHH Cy JaCHU 3aKJbyUllM U YTBpl)eHn OUTHU M OPUTHHAIIHH HayYHH JOIPHHOCH.
KangunaTkuma je oBagana caBpeMeHUM 3HalbHMa U3 00JIACTH U y OTIIYHOCTH CIPOBEJIA HCTPAXKUBAA
Koja cy Omia aedmHICaHa JIaHOM MIPHKAa3aHUM y TIPHjaBU TeMe TOKTOPCKe AucepTarmje. Y cKiamy ca
HaBE/ICHUM, KOMHCH]ja TO3UTHBHO OLCHbYje HAUUH IIPHKa3a U TyMadyemha pe3yiirtaTta HCTPAKUBAbA
JOKTOPCKE JAUCepTaLyje.

Pan je mpoBepeH y cod1Bepy 3a nerekuujy miarujapusma (iThenticate), y bubmmorenn ®TH-a, o uemy je
KoMHcCH]ja u3BemTeHa. Ha oCHOBY OBe mpoBepe, HUCY poHal)eHH J0Ka3M O IUIardjapusMy u yTBpheHo je
Jla JOKTopcka nucepranrja kanauaara Cumone [Ipokuh npeacraBiba OpUrnHaIHN PYKOIIHC.

EVALUATION OF THE PRESENTATION AND OF RESEARCH RESULTS:

The content of the dissertation is presented clearly, well structured and systematic. The original results
are precisely formulated and theoretically proven in detail. The candidate has mastered the state-of-the-
art knowledge in the field and fully conducted the research that was defined by the research plan
presented in the application for the topic of the doctoral dissertation. Following the above, the Committee
positively evaluates the presentation and interpretation of the results of the doctoral dissertation.

The dissertation was checked in the plagiarism detection software (iThenticate) in the Library of the
Faculty of Technical Sciences and the Committee has been informed about this. Based on this
examination, no evidence of plagiarism has been found, and it has been determined that the doctoral
dissertation of the candidate, Simona Proki¢, represents an original manuscript.

IX KOHAYHA OLHEHA JOKTOPCKE JUCEPTAIIUJE:
FINAL ASSESSMENT OF THE DOCTORAL DISSERTATION::

1. Ja 1 je nucepranyja HallMCaHa y CKIamy ca 00pa3iokeleM HaBEeICHNM Y TIpHjaBH TeMe?
JlokTopcka aucepTaiiyja je y moTIyHOCTH HAlMCaHa y CKIIaay ca 00pasiokKemheM y IPUjaBu TeMeE.

Is the dissertation written following the explanation given in the research proposal?
The dissertation is written in full accordance with the explanation given in the research proposal.




2. Jla mu mucepTranuja caapku cBe OUTHE eneMeHTe?

Jokropcka nuceprammja CcagpXH cBe OwTHe enemeHTe. llpeamer, NWJBEBHM W 3adalyd
UCTpaXHBama Cy INpeuu3Ho neduHucaHu. JloOMjeHM pe3yiTaTH HCTpaXkKHBama, ANCKyCHja U
3aKJbyYHa pasMarpama Cy JeTajbHO OIMCAaHH. AHAIM3UPAHO j€ CTame y 00JIacTH, a CIHCaK
KopwuinheHe IuTepaType ykasyje Ha TeMEJbHO MPOoyYaBarme U M03HABabe 00JIaCTH NCTPAXKHBAbA.

Does the dissertation contain all the essential elements?

The dissertation contains all the relevant elements. The subject, objectives and tasks of the
research are precisely defined. The research results, discussion and concluding remarks are
described in detail. The state of the art is analysed, and a list of references indicates a fundamental
knowledge of the field of research.




3. Ilo demy je mucepTainuja OpUrHHAJIAH JOMPUHOC HAYIH?

JlokTopcka Juceprandja cagpKd HOBE HaydyHe pesyiraTre, KOju Cy BepU(GHKOBaHH H
MyOJIMKOBaHM y MeljyHapoHOM Hay4YHOM YacONHCY M MPE3E€HTOBaHHM Ha PEJIeBAaHTHUM HayYHHM
KOH(epeHIHjama.

OpUrHHAIHU TONMPUHOCH TE3€ Ce OJJHOCE Ha YeTHPH (hOopMaliHa CHCTEMA.

® 3a BepOBaTHOCHHM JaM0/a padyH MPOIIHpeH let-in omepaTopoM je JoKa3aHo [1a ce BEpOBAaTHOCHA
aryIMKaTUBHA OMCHMYJIalija 1 KOHTEKCTHA €KBHBAJICHIIN]a [TOYAApajy.

® Jledunucane cy HoBe KpurikeoBe ceMaHTHKE 32 KOMOMHATOPHY JIOTUKY ca (D)yHKIIHOHATIHUM
THUIIOBMMA KOja je MPOIIMpPEeHa ca THIIOBUMA MPOU3BO/IA, TUIIOBUMA CyMe, IPAa3HUM TUIIOM U
jeArHUYHUM TUTIOM. J[0Ka3aHo je Ja je TUIICKU CHCTeM KOMOWHATOpHE JIOTHKE ca
(YHKIIMOHATHUM TUIIOBHMA CarjiacaH U MOTIYH Y ONHOCY Ha yBEIEHE CEMaHTHKE.

® VBe/ICHO je MCKAa3HO MPOIIMPEeHe KOMOMHATOPHE JIOTHKE ca (YHKIIMOHAIHUM THIIOBUMA, KOje je
Ha3BaHo Jloruka komOuHaTopHe noruke (LCL). JlebuHrcaHN Cy aKCHOMATCKH CHCTEM U
cemanTuke 3a LCL. Jloka3aHo je na je akcnomaru3zanmja goruke LCL cariacHa ¥ MOTITyHA Y
OJIHOCY Ha TpejuiokeHe cemaHTuke 3a LCL.

® Pa3BHjeH je MOTIYHO HOB KOHIIENT BEPOBATHOCHOT 3aKJbyUHBamba y TEOPHUjU TUIIOBA U padyHUMa
ca TUIIOBHMA. YBEJICHO j¢ BEPOBATHOCHO MPOIIUPEH:E JIOTHKe KoMOuHaTtopHe joruke (PCL).
Jedunncanu cy akcuomarcku cucteM u cemantrke 3a PCL. JlokazaHo je 1a je akcuomarusanuja
noruke PCL carnacHa v IOTIyHAa Y OJHOCY Ha ceMaHTuKy 3a PCL.

What makes the dissertation an original contribution to science?

The dissertation contains novel scientific results, published in an international scientific journal,
and presented at international scientific conferences. The original contributions of the dissertation
are related to four formal systems.

® For probabilistic lambda calculus extended with let-in operator, it is proved that the probabilistic
applicative bisimilarity and context equivalence coincide.

® A novel Kripke-style semantics of the full simply typed combinatory logic, that is the simply
typed combinatory logic extended with product types, sum types, the empty type and the unit
type, is defined. It is proved that the full simply typed combinatory logic is sound and complete
with respect to the proposed semantics.

® A propositional extension of the simply typed combinatory logic, called Logic of combinatory
logic (LCL), is introduced. The semantics and axiomatic system of LCL are defined. It is proved
that the axiomatization of LCL is sound and complete with respect to the proposed semantics of
LCL.

® A novel concept of probabilistic reasoning in type theory and calculi with types is developed. A
probabilistic extension of the logic of combinatory logic (PCL) is introduced. The semantics and
axiomatic system of PCL are defined. It is proved that the axiomatization of PCL is sound and
complete with respect to the proposed semantics of PCL.

4. Koju cy HemocTaly qucepTaije 1 Kakas je lbUXOB YTHIIA] Ha Pe3yJITaT HCTPaKUBamba?
Komucwuja 3axsbydyje aa TOKTOpCKa AUCepPTaIija HEMa HEJ0CTaTaKa.

What are shortcomings of the dissertation and what is their influence on the research.
The Committee concludes that the doctoral dissertation has no shortcomings.




X  MOPEJJIOr:
PROPOSAL:

Ha ocHOBY HaBe/IeHOT, KOMHCH]a MpeIIaxKe:

a) Aa ce IOKTOPCKA AMCEPTALMja MPUXBATH, 2 KAHAHAATY 0100pH oA0paHa;
Ha ocHoBy HaBeneHor, Kommcuja mpeanaxe Aa ce TPHXBaTH MO3UTHBHA OLICHA JOKTOPCKE

IUcepTandje TOH HACIOBOM

,,BEPOBATHOCHO 3aKJbyYHBAalkE Yy HW3pauyHaBaWmy W TEOPHjU

(YHKIIMOHATHHUX TUTIOBA’’ U Ja ce Kauaunatkumu Cumonu [Ipokuh o106pu ogbpaHa.

From all of the above, the Committee recommends:

a) to accept the doctoral dissertation and approve the defense;
On the basis of the above, the Committee proposes to accept a positive evaluation of the doctoral
dissertation entitled “Probabilistic reasoning in computation and simple type theory” and to grant the

defense to the candidate Simona Prokic.

Mecto u gatym:
Hoswu Cap, 2. 11. 2023.

1. dp Jenena Usetnh, Banpemuu mpodecop
Dr. Jelena Iveti¢

, TIPEJICETHUK

(president)
2. Dr. Michele Pagani, Full Professor

, wad (member)

3. dp 3opan llerpuh, Hay4HN CaBEeTHUK
Dr. Zoran Petri¢

, WiaH (member)

4. p JoBana O6panosuh, Hay4HU capaTHUK
Dr. Jovana Obradovié¢

, wa” (member)

5. lp CunBua I'nnesan, pemoBau mpodecop
Dr. Silvia Gilezan

, MEHTOp (mentor)

6. lp 3opan OrmanoBuh, HAy4YHU CAaBETHUK
Dr. Zoran Ognjanovi¢

, MeHTOp (mentor)

HAIIOMEHA: Yian koMucHje KOjH He JKeJNW Ja MOTIHIIE M3BEIITaj jep ce HEe CaXKe ca MHUIBEHEM
BelinHe WwiaHOBa KOMHUCH]E, AyKaH je Jla yHece y M3BElITaj 00pa3iokemhe 0HOCHO pasjiore 300T KOjux He

JKCJIM aa MOTIHIIC I/I3BeI_HTaj " Ja UCTHU IMOTIIUIIC.
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